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Abstra
t. I present an introdu
tion to some of the 
on
epts within Bayesian networks to helpa beginner be
ome familiar with this �eld's theory. Bayesian networks are a 
ombination oftwo di�erent mathemati
al areas: graph theory and probability theory. So, I �rst give the basi
de�nition of Bayesian networks. This is followed by an elaboration of the underlying graph theorythat involves the arrangements of nodes and edges in a graph. Sin
e Bayesian networks en
odeone's beliefs for a system of variables, I then pro
eed to dis
uss, in general, how to update thesebeliefs when one or more of the variables' values are no longer unknown (i.e., you have observedtheir values). Learning algorithms involve a 
ombination of learning the probability distributionsalong with learning the network topology. I then 
on
lude Part I by showing how Bayesiannetworks 
an be used in various domains, su
h as in the time-series problem of automati
 spee
hre
ognition. In Part II I then give in more detail some of the algorithms needed for working withBayesian networks.
A
knowledgements: This work is supported by the Swiss National S
ien
e Foundation under grant# 21-53960.98. I would also like to thank Andrew Morris and Samy Bengio for their 
omments onthis paper.



2 IDIAP{RR 00-03Part ITheory1 Graphi
al Models1.1 Graphi
al Models in GeneralA graphi
al model (Whittaker, 1990) is a tool that is used to visually illustrate and work with 
on-ditional independen
ies among variables in a given problem. Two variables that are 
onditionallyindependent have no dire
t impa
t on ea
h other's value. For example, A is 
onditionally independentof C given B if P (AjB;C) = P (AjB) (Cowell et al., 1999, Se
tion 5.1). Furthermore, the graphi
almodel will show any intermediary variables that separate two 
onditionally independent variables. Itis through these intermediary variables that two 
onditionally independent variables a�e
t ea
h other.A graph is 
omposed of a set of nodes (whi
h in graphi
al models represent variables) and a set ofedges. Ea
h edge 
onne
ts two nodes, and an edge 
an have an optional dire
tion assigned to it. Fordire
ted edges, the edge is said to be from parent Xp to 
hild X
. For any given edge between variablesX1 and X2, if there is a 
ausal relationship between the variables, the edge will be dire
tional, leadingfrom the 
ause variable to the e�e
t variable; if there is just a 
orrelation between the two variables,the edge will be undire
ted (Cowell et al., 1999, Se
tion 3.1.1). So, say that you have two 
onditionallyindependent variables A and C. Now these two variables both are dire
tly related to another variable,B. So you draw an edge between the nodes of the variables that are dire
tly related, that is, betweenA and B and between B and C. Furthermore, say that the relations between A and B and betweenB and C ea
h work equally in two dire
tions; so, make both edges undire
ted. Figure 1 illustrateshow both of A and C are dependent upon the variable B. However, there is no edge between A andC. So, A and C are 
onditionally independent, given variable B. Note that this is not the same assaying A and C are totally independent; it merely means that variable B en
odes any informationfrom A that impa
ts C, and vi
e-versa.For ea
h variable there is a probability distribution fun
tion (it 
an be 
ontinuous or dis
rete;though this paper deals only with dis
rete fun
tions) whose de�nition depends on the edges leadinginto the variable. For example, the probability distribution for variable A depends only on the valueof variable B while the probability distribution for the variable B in Figure 1 depends both on thevalue of variable A and on the value of variable C.So, a graphi
al model is de�ned as follows. It 
onsists of variables (nodes) K = f1; 2; : : : ; kg with aset E of dependen
ies (edges) between the variables and a set P of probability distribution fun
tionsfor ea
h variable.
A

B

CFigure 1: A graphi
al model illustrating 
onditional independen
e (Cowell et al.,1999, De�nition 5.1). Variables A and C are 
onditionally independent, given thevariable B. (Probabilities are omitted).
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A

B

CFigure 2: A Bayesian network. (Probabilities are omitted).1.2 Bayesian NetworksBayesian networks are a spe
i�
 type of graphi
al model1. A Bayesian network is the spe
i�
 typeof graphi
al model whi
h is a dire
ted a
y
li
 graph (DAG, see page 5) (Neapolitan, 1989). That is,all of the edges in the graph are dire
ted (i.e., they point in a parti
ular dire
tion) and there are no
y
les (i.e., there is no way to start from any node and travel along a set of dire
ted edges in the
orre
t dire
tion and arrive ba
k at the starting node).Figure 2 illustrates a Bayesian network. Its set of edges is E = f(B;A); (B;C)g. This 
onstitutesa DAG be
ause (1) there are no undire
ted edges (i.e., there are no edges going in both dire
tionsbetween any verti
es) and (2) there are no 
y
les (i.e., on
e you leave any given vertex and are followingthe dire
tion of the edges, there is no way to 
y
le ba
k to the original vertex). Furthermore, sin
e Aand C are 
onditionally independent of ea
h other, you 
an say the following: P (AjB;C) = P (AjB),whi
h means that, for the fa
torization represented by this Bayesian network, the probability of A is
onditioned only on B and that the value of C is irrelevant for this lo
al probability. Likewise, you 
ansay that P (CjA;B) = P (CjB). The edges in the Bayesian network en
ode a parti
ular fa
torizationof the joint distribution. In this example, the joint distribution of all the variables, as fa
torized bythis Bayesian network, is P (A;B;C) = P (AjB) � P (B) � P (CjB) (1)In general, given nodes X = X1; : : : ; Xn, the joint probability fun
tion for any Bayesian network isP (X) = nYi=1P (Xijparents(Xi)) (2)That is, the joint probability of all of the variables is the produ
t of the probabilities of ea
h variablegiven its parents' values. This shows the meaning of the dire
ted edges: they indi
ate whi
h othervariables a given variable is 
onditioned upon.The edges in Bayesian networks are sometimes looked at as 
ausal 
onne
tions where ea
h parentnode 
auses an e�e
t on its 
hildren. While this notion of 
ausality is useful in 
onstru
ting Bayesiannetworks, note that the joint probability represented by one set of edges 
an equally be representedby another set. For example, using Bayes' rule the joint probability from (1) be
omes:P (AjB) � P (B) � P (CjB) = P (BjA) � P (A)P (B) � P (B) � P (CjB) = P (A) � P (BjA) � P (CjB) (3)This is represented graphi
ally by Figure 3.2 Graph Theory TerminologyHaving de�ned Bayesian networks, I will now provide some of the theory that is needed for the laterdis
ussions of Bayesian networks. Although Bayesian networks 
ombine probability theory and graph1Other types of graphi
al models, some of whi
h are similar to or synonyms for Bayesian networks, are (Bayesian)belief networks, 
ausal networks, (probabilisti
) independen
e networks, probabilisti
 networks, Markov �elds.
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A

B

CFigure 3: A Bayesian network that represents the same joint probability as the onein Figure 2. The edge (B;A) has been reversed to be
ome (A;B). (Probabilitiesare omitted).
Graph A Graph BFigure 4: Dire
tionality. While graphs A and B have 
onne
tions between the samenodes, they are not the same graph. Graph A has undire
ted edges while graph Bhas dire
ted edges whi
h point in 
ertain dire
tions.theory, I will be providing some of the basi
s of only graph theory here. For more information, pleasesee Neapolitan (1989, 
hap. 3 & 7), whi
h provides a good ba
kground into the graph theory from aBayesian networks' perspe
tive.Brualdi (1992, Se
tion 11.1) de�nes a graph as (1) a set of nodes (also 
alled verti
es) and (2) a setof edges (also 
alled ar
s), ea
h edge being a pair of nodes. This is also 
alled an undire
ted graph. Ifthe two verti
es within ea
h edge (Xi; Xj) are ordered, then the edges have a dire
tion assigned to them(that is, they lead spe
i�
ally from node Xi to node Xj and not in the other dire
tion); this is 
alleda digraph (or, a dire
ted graph). Brualdi (1992) also presents multigraphs and general digraphs,whi
h allow multiple 
onne
tions between any two nodes in graphs and digraphs, respe
tively. Thefollowing properties of a graph deal with what arrangement of edges appear among the nodes in agraph or digraph.

A B C DFigure 5: Chains and paths. The vertex sequen
e A � B � C � D is a 
hain oflength 3 (but it is not a path). The vertex sequen
e A�B�C�A�B is a path oflength 4. The vertex sequen
e A�B �C is a simple path of length 2. The vertexsequen
e A�B �C �A�B � C �A is a 
y
le of length 6. The vertex sequen
eA�B � C �A is a simple 
y
le of length 3.
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Figure 6: DAGs, parents/
hildren, an
estors/des
endants, family. The abovegraph is a DAG. A is the parent of B while B is the 
hild of A; B is the par-ent of C and D while C and D are the 
hildren of B; and so on. A is the an
estorof B, C, D, E, and F while B, C, D, E, and F are the des
endants of A; andso on. A possible an
estral ordering for this graph is A;B;C;D;E; F ; anothera

eptable an
estral ordering is A;B;D; F;C;E. Some sample families from thisgraph are A;B as the family of B; B;C as the family of C; and C;D;E as thefamily of E.A 
hain is a series of nodes where ea
h su

essive node in the 
hain is 
onne
ted to the previousnode by an edge (regardless of the dire
tion, if any, of the edge). A path is a 
hain with the further
onstraint for digraphs that ea
h 
onne
ting edge in the 
hain has a dire
tionality going in the samedire
tion as the 
hain. A 
y
le is a path that starts and ends at the same node. A simple path isa path with unique nodes. A simple 
y
le is a 
y
le where, ex
ept for the start/end node, all nodesare unique (See Figure 5). A dire
ted a
y
li
 graph, or DAG, is a dire
ted graph that has no
y
les (See Figure 6).A parent/
hild relationship in a dire
ted graph o

urs when there is an edge (X1,X2), from X1to X2; X1 is 
alled the parent of X2 and X2 is 
alled the 
hild of X1. In other words, the edge pointsfrom the parent to the 
hild. An an
estor/des
endant relationship, furthermore, is the extensionof the parent/
hild relationship. For example, if X1 is the parent of X2 and if X2 is the parent ofX3, then X1 is an an
estor of X3 and X3 is a des
endant of X1. Like in human genealogies, thisrelationship extends further than just these two sets of parent/
hild relationships. An an
estralordering is an ordering of nodes where ea
h an
estor 
omes before its respe
tive des
endants. Thisis always and only possible in DAGs. (See Figure 6). A family is the set of verti
es 
omposed of Xand the parents of X . For example, in Figure 6, the verti
es fC;D;Eg are the family of the vertexE. Whereas the terms parent and 
hild de�ne the relationship between two verti
es 
onne
ted bya dire
ted edge, the term adja
ent (or neighbor) des
ribes the relationship between two verti
es
onne
ted by an undire
ted edge; the two nodes are said to be adja
ent.A forest is a DAG where ea
h node has either one parent or none at all. A tree is a forest whereonly one node (
alled the root) has no parent; in other words, every node but the root has exa
tly oneparent. (See Figures 7 & 8). It should be noted that while books in graphi
al modeling de�ne treesas above (Cowell et al., 1999; Neapolitan, 1989), others de�ne a tree as being a 
onne
ted, undire
ted,a
y
li
 graph (Brualdi, 1992; Bo�ey, 1982). This brings about the term dire
ted tree versus regulartrees. In this paper I am only 
on
erned with dire
ted trees, and I will, therefore, use the dire
tedde�nition from Cowell et al. (1999) and Neapolitan (1989).A moral graph is made from a DAG. For a DAG, marry the parents of ea
h node; this meansthat you add an undire
ted edge between ea
h parent. After doing this, you remove the dire
tionalityfrom all of the original edges, resulting in a undire
ted graph. (See Figure 9).For a given path (or 
y
le), a 
hord is an edge that does not appear in the path but whi
h is
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C

D

F G

H

B

Figure 7: Forest. The above graph, 
onsisting of all nodes A;B; : : : ; H is a forest.Every node has either one parent or none at all. B;C;D;E;G have one parentea
h while A;F;H have no parents. This graph is not a tree be
ause it does notmeet the requirement of only one of its nodes having no parent.
EA

C

D

B

Figure 8: Trees. The above graph is a tree. It is a DAG where every node hasexa
tly one parent, ex
ept for the root node A whi
h has no parent.between two nodes that o

ur in the path. The term 
hordless des
ribes a simple path or (simple
y
le) for whi
h no 
hords exist. For example, 
onsider the 
y
le B �C �E �D�B from the graphin Figure 9. A 
hord for this 
y
le is the edge (C;D). However, the 
y
le B �C �D�B is 
hordlessas there are no edges between non-adja
ent nodes in this 
y
le.The term triangulated des
ribes an undire
ted graph where any simple 
y
le with at least fournodes also has at least one 
hord. Note that it is not possible to have any 
hords in a 
y
le with threenodes. (See Figure 9).The term 
omplete des
ribes an undire
ted graph where every node is 
onne
ted to all othernodes.A 
lique is a subset of nodes whi
h is 
omplete and 
an not be made any larger while still being
omplete. For example, say that the subset of nodes X1; X2; X3 is 
omplete; if they form a 
lique, thismeans that there is no other node Xi that 
an be added this subset with it still being 
omplete. WhileWhittaker (1990, Se
tion 3.1) spe
i�es that a 
lique is maximal, this is not always stri
tly enfor
ed.For example, Golumbi
 (1980, Se
tion 1.1) makes a distin
tion between a 
lique and a maximal 
lique.(See Figure 10).A join tree is a DAG that has been moralized and triangulated and then had its 
liques be
omethe nodes of a tree. See Figure 11 on page 8. It needs to have the 
hara
teristi
 known as the runninginterse
tion property, whi
h means that any vertex (or vertex set) that is found in any two 
liquesCi and Cj in the tree will also be found in all of the 
liques found on the 
hain between Ci and Cj .
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Figure 9: Moral and triangulated graphs. The above graph is the moralized form ofthe graph in Figure 6 on page 5. The only node with \unwed" parents in that graphis E. In moralizing the graph, C and D, the parents of E, are 
onne
ted. Then, thedire
tions are removed from all the edges. This also happens to be a triangulatedgraph be
ause its only simple 
y
le with a length of at least 4, B�C�E�D�B,does have a 
hord (C �D).
A B

C

D

B E

C

D

F

D

Figure 10: Cliques. These subgraphs are all of the (maximal) 
liques from thegraph in Figure 9. These 
liques are 
omplete subgraphs (that is, they are fully
onne
ted).3 Inferen
e in Bayesian NetworksInferen
e is the task of 
omputing the probability of ea
h value of a node in a Bayesian networkwhen other variables' values are known. While there are di�erent algorithms for doing inferen
e ina Bayesian network, I will be looking at one 
alled the jun
tion tree algorithm, whi
h works for anyarbitrary Bayesian network. However, before des
ribing this generi
 algorithm for arbitrary BNs, Iwill give a simple introdu
tion to what inferen
e involves using a simple Bayesian network. Thiswill be then followed by an introdu
tion to belief propagation, whi
h serves as the foundation to thejun
tion tree algorithm.3.1 An Introdu
tion to Inferen
eHe
kerman (1999) gives an example of a Bayesian network that models 
redit 
ard fraud, as illustratedin Figure 12. From this BN you 
an see, for example, that if there is a 
ase of 
redit 
ard fraud, thenthe 
han
es of gas or jewelry being bought is a�e
ted; also, the 
han
e of jewelry being bought isfurther a�e
ted by the age and sex of the pur
haser. Table 1 indi
ates the probabilities asso
iated
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A B
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D
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C

D

A,B

D,E

B,C,D C,D,E

Figure 11: A Join Tree. This is a join tree for the 
liques in Figure 10. There arefour nodes in this tree: (A,B), (B,C,D), (C,D,E), and (D,F).with ea
h of the variables in this Bayesian network. For example, you 
an see that if Fraud is Y es,then there is a probability of 0:2 that Gas will be Y es but if Fraud is No, then there is a mu
hsmaller probability of 0:01 that Gas will be Y es. (That is, a person who is fraudulently using a 
redit
ard is twenty times more likely to buy gas than someone who is legitimately using a 
redit 
ard).These di�erent probabilities are 
ommonly referred to as beliefs (He
kerman, 1999, Se
tion 2).Based on the dis
ussion given in He
kerman (1999), inferen
e in this Bayesian network pro
eeds asfollows. Suppose that you noti
e a 
ertain value for one or more of the variables in the network. If onevariable has a de�nite (i.e., observed) value, your beliefs (i.e., probabilities) for the other variables needto be revised. This is what inferen
e is: determining the updated (posterior) probability distributionfor a variable based on the known values of the other variables. By itself, the prior probability forfraud is given as P(fraud=yes) = 0.00001. However, you noti
e that a young man is using a 
redit
ard to buy jewelry (but not any gas). That is, Sex =Male, Age =< 30, Jewelry = Y es, Gas = No(Table 2). You then want to infer whether he is using the 
ard fraudulently. In other words, youneed to 
al
ulate P (f jj; g; s; a) (ea
h letter is the �rst letter of its respe
tive variable). You pro
eedas follows:By Bayes' rule, P (f jj; g; s; a) = P (j; g; s; a; f)P (j; g; s; a) (4)Be
ause the states of f are mutually ex
lusive and exhaustive, you 
an transform the denominator
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Age SexFraud

JewelryGasFigure 12: A Bayesian network from He
kerman (1999) illustrating 
redit 
ardfraud. There are �ve variables in this network. The probability of the Jewelry vari-able is dependent upon the values of the Fraud, Age, and Sex variables. Likewise,the value of the Gas variable is dependent upon the value of the Fraud variable.The Fraud, Age, and Sex variables themselves are not 
onditioned on any variable.See Table 1 for the lo
al probability distributions for ea
h variable.Probability ConditionsFraud Age SexFraud = Yes Fraud = No0.00001 0.99999 { { {Age < 30 Age = 30-50 Age > 500.25 0.40 0.35 { { {Sex = Male Sex = Female0.5 0.5 { { {Gas = Yes Gas = No0.2 0.8 Yes { {0.01 0.99 No { {Jewelry = Yes Jewelry = No0.05 0.95 yes * *0.0001 0.9999 no <30 male0.0004 0.9996 no 30-50 male0.0002 0.9998 no >50 male0.0005 0.9995 no <30 female0.002 0.998 no 30-50 female0.001 0.999 no >50 femaleTable 1: Probabilities for the variables in Figure 12Variable Fraud Jewelry Gas Sex AgeValue ? Y es No Male < 30Table 2: An example set of one unknown and four observations from the 
redit
ard fraud network in Figure 12. Values are observed for every variable ex
eptFraud. These observed values 
an then be used to give an updated probability forthe belief of Fraud being Y es.



10 IDIAP{RR 00-03of (4) to get: P (f jj; g; s; a) = P (j; g; s; a; f)Pf 0 P (j; g; s; a; f 0) (5)Now, using the produ
t rule of probability, both the numerator and denominator of equation 5
an be fa
tored as follows:P (f jj; g; s; a) = P (jjg; s; a; f) � P (gjs; a; f) � P (sja; f) � P (ajf) � P (f)Pf 0 P (jjg; s; a; f 0) � P (gjs; a; f 0) � P (sja; f 0) � P (ajf 0) � P (f 0) (6)Due to the 
onditional independen
ies, you 
an remove 
ertain variables from the 
onditional listsin (6) (see Se
tion 1.2). That is, if the variable x0 is not a 
hild of xn in the graph, thenP (x0jx1; : : : ; xn; : : : ; xk) = P (x0jx1; : : : ; xn�1; xn+1; : : : ; xk):Using this simpli�
ation provides the following:P (f jj; g; s; a) = P (jjs; a; f) � P (gjf) � P (s) � P (a) � P (f)Pf 0 P (jjs; a; f 0) � P (gjf 0) � P (s) � P (a) � P (f 0) (7)At this point, you 
an then simplify equation 7 by 
an
elling 
ommon fa
tors in the numeratorand denominator. (Doing so indi
ates that the prior probabilities for both age and sex have no dire
timpa
t on the probability for fraud being 
omputed).P (f jj; g; s; a) = P (jjs; a; f) � P (gjf) � P (f)Pf 0 P (jjs; a; f 0) � P (gjf 0) � P (f 0) (8)(8) 
an then be 
omputed by inserting the values for the variables and reading the probabilitiesfrom Table 1. P (f = Y esjj = Y es; g = No; s =Male; a =< 30)= P (j = Y esjs =Male; a =< 30; f = Y es) � P (g = Nojf = Y es) � P (f = Y es)Pf 02(yes;no) P (j = Y esjs =Male; a =< 30; f 0) � P (g = Nojf 0) � P (f 0) (9)By substituting of the a
tual probabilities, you get:P (f = Y esjj = Y es; g = No; s =Male; a =< 30)= 0:05 � 0:8 � 0:00001(0:05 � 0:8 � 0:00001) + (0:0001 � 0:99 � 0:99999)= 0:00402Thus, while the prior probability of fraud is 0.00001, the inferred probability of fraud, given theother variables, is 0.00402 (over 400 times as probable).3.2 Belief PropagationBelief propagation (Pearl, 1988) is the a
tion of updating the beliefs in ea
h variable when observationsare given to some of the variables. While this 
an be done in any arbitrary Bayesian network, I willillustrate it here for the simpler 
ase of the Bayesian network being stru
tured as a tree. In Se
tion 9on page 24 I give the more detailed algorithm of belief propagation for any general Bayesian network.
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ording to Pearl (1988, Se
tion 4.2), belief propagation pro
eeds as follows. Let e be the set ofvalues for all the observed variables. For any variable X , e 
an be split into two subsets: e�X, whi
hrepresents all of the observed variables that are des
endants of X (in
luding X itself if it is observed),and e+X, whi
h represents all of the other observed variables. The impa
t of the observed variables onthe beliefs of X 
an then be represented using the following two values:�(X) = P (e�XjX) (10)�(X) = P (X je+X) (11)Sin
e x has multiple dis
rete values, �(X) and �(X) are a
tually ve
tors, whose elements are asso
iatedwith ea
h of the dis
rete values for X:�(X) = [�(X = x1); �(X = x2); : : : ; �(X = xl)℄ (12)�(X) = [�(X = x1); �(X = x2); : : : ; �(X = xl)℄ (13)Using (10) and (11), you get the following posterior probability:P (X je) = � � �(X) � �(X) (14)with � = 1P (e) , and with pairwise multipli
ation of the items in �(X) and �(X). (14) is the equationthat you want to 
ompute to �nd the new beliefs. The �(X) and �(X) values are then passed betweenvariables in an orderly fashion.Computing � �(X) is 
omputed using �(Y1); �(Y2); : : : ; �(Ym), where Y1; Y2; : : : ; Ym are all of the
hildren of X . First, when X is observed as x0, the elements of the ve
tor �(X) are assigned asfollows:� �(xi) = 0 if xi 6= x0� �(xi) = 1 if xi = x0For the 
ase where X is not observed, you have e�X = Smi=1 e�Yi . Using (10), �(X) is expanded as:�(X) = P (e�XjX) (15)= P (e�Y1 ; e�Y2 ; : : : ; e�Ym jX) (16)= P (e�Y1 jx) � P (e�Y2 jX) � � � � � P (e�Ym jX) (17)= �Y1(X) � �Y2(X) � � � � � �Ym(X); (18)using the fa
t that e�Y1 ; e�Y2 ; : : : ; e�Ym are 
onditionally independent of ea
h other, and de�ning thefollowing: �Yi(X) = P (e�Yi jX):For ea
h �Yi(X), its 
omputation pro
eeds as:�Yi(X) = P (e�Yi jX) (19)= Xyi P (e�Yi ; yijX) (20)= Xyi P (e�Yi jyi; X) � P (yijX) (21)= Xyi P (e�Yi jyi) � P (yijX) (22)= Xyi �(yi) � P (yijX) (23)
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ompute the value �(X), you only need the �'s from all of X 's 
hildrenas well as the 
onditional probabilities from all of X 's 
hildren. Also, this means that to 
ompute avariable's �'s, you need to �rst 
ompute its 
hildren's �'s. Therefore, in a 
ompa
t form, the ve
tor�(X) is 
omputed by: �(X) = Y
2
hildren(X)Xv2
 �(v) � P (vjX) (24)Computing � Furthermore, �(X) is 
omputed using X 's parent Y . Using (11):�(X) = P (X je+X) (25)= Xyi P (X; yije+X) (26)= Xyi P (X jyi; e+X) � P (yije+X) (27)= Xyi P (X jyi) � P (yije+X) (28)= Xyi P (X jyi) � �(yi) (29)So, this shows that to 
ompute the value �(x), you only need the � from X 's parent as well as the
onditional probabilities from X . Also, this means that to 
ompute a variable's �, you need to �rst
ompute its parent's �.3.2.2 Peot and Sha
hter's MethodPeot and Sha
hter (1991) provides a similiar propagation algorithm to Pearl's. A notable di�eren
efrom Pearl's is the de�nition of the �'s and �'s. Peot and Sha
hter (1991) de�nes them as follows:�(X) = P (e�XjX) (30)�(X) = P (X; e+X) (31)While (30) is the same as (10), (31) di�ers from (11) in that a joint probability, P (X; e+X), is usedinstead of a 
onditional probability, P (X je+X). In 
ontrast to (14) in Pearl's algorithm, this providesthe following: P (X; e) = �(X) � �(X) (32)For more details on this method, see Peot and Sha
hter (1991).3.3 Jun
tion TreeCowell (1999) gives an introdu
tion to a more general method of inferen
e in Bayesian networks: thejun
tion tree algorithm. Be
ause of potential problems with doing inferen
e in a DAG (be
ause of the
y
les when the dire
tionalities are removed{see Pearl (1988, Se
tion 4.4)), this algorithm is useful.To use it, a DAG is transformed into a tree whose nodes are 
liques (
f. page 6). Any given nodefrom the graph may o

ur in multiple 
liques in this tree. This leads to the key property that thistree has: any node (or any subset of nodes) from the graph that appears in two di�erent 
liques, X1and X2, must also appear in all of the 
liques along the path that 
onne
ts X1 and X2. This gives thetree the name of \jun
tion tree" (Cowell et al., 1999) The jun
tion tree algorithm pro
eeds as follows(Cowell, 1999):
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ture Observability MethodKnown full Sample statisti
sKnown partial EM or gradient as
entUnknown full Sear
h through model spa
eUnknown partial Stru
tural EMTable 3: Learning methods depending on what is already known about the problem.Taken from Murphy and Mian (1999).1. Moralize the Bayesian network.2. Triangulate the moralized graph.3. Let the 
liques of the triangulated graph be the nodes of a tree, whi
h is the desired jun
tiontree.4. Propagate the � and � values throughout the jun
tion tree to do inferen
e. This will providethe posterior probabilities for the unobserved variables.2See Se
tion 8 for the details on 
onstru
ting the jun
tion tree and Se
tion 9 for details on performingpropagation in the jun
tion tree.4 Learning in Bayesian NetworksUp to this point in the paper, I have assumed that everything in the Bayesian network was alreadylearned. That is, in explaining how to do inferen
e in Se
tion 3, I showed how to do inferen
e ina Bayesian network in whi
h both the topology and the prior probability distributions were alreadyknown. In this se
tion I will go into learning the topology and the probability distributions withina Bayesian network. Depending on the problem that is de�ned, either (or both) of these may bepre-de�ned by hand or may be learned. Table 3 breaks down the di�erent possibilities of what has tobe learned and what methods are to be utilized. He
kerman (1999) provides an introdu
tion to someof the issues involved in learning within a Bayesian network.4.1 Known stru
ture and full observability4.1.1 Likelihood methodAs 
an be seen from Table 3, if you already know the stru
ture of the Bayesian network and have afull sampling of the data, you determine the probability distributions by 
omputing statisti
s from thedata samples. What this means is that if you want to 
ompute the probability of, say, P (X1jX2; X3),you 
olle
t the data for all the various possible values of X1, X2, and X3 and use the data to estimatethe a
tual probability. That is,P (X1 = x1jX2 = x2; X3 = x3) = P (X1 = x1; X2 = x2; X3 = x3)P (X2 = x2; X3 = x3) (33)� Number of samples with X1 = x1; X2 = x2; X3 = x3Number of samples with X2 = x2; X3 = x3 (34)2Note that ea
h � and � in a jun
tion tree 
an a
tually have multiple dimensions, ea
h dimension representing adi�erent variable in the 
lique that the � and � are asso
iated with. This multi-dimensional array has an element forea
h possible instantiation of the 
omponent variables for the respe
tive 
lique.



14 IDIAP{RR 00-034.1.2 Bayesian methodIf the data is sparse, then Diri
hlet priors 
an be used (Murphy and Mian, 1999). He
kerman (1999)goes into the 
omplete Bayesian solution. In the Bayesian method, the lo
al probability distributionfor ea
h variable is 
al
ulated by: p(Xijparents(Xi); �i; Sh); (35)where �i are the parameters for the probability distribution of Xi and Sh is the topology of theBayesian network. The �i for a variable 
an be viewed as a two-dimensional matrix: one dimensionfor ea
h possible instantiation of Xi and one dimension for ea
h possible instantiation of parents(Xi).So, ea
h probability parameter for the whole Bayesian network is identi�ed by �ijk , where i rangesover all the variables, j ranges over all the possible parent instantiations for variable xi, and k rangesover all the instantiations for Xi itself. In other words,p(xki jparentsj(Xi); �; Sh) = �ijk (36)The goal of the training is to maximize the posterior distributionp(�jD;Sh): (37)(37) 
an then be fa
tored as follows, assuming parameter independen
e:p(�jD;Sh) = jXjYi=1 jparentsj(Xi)jYj=1 p(�ijjD;Sh) (38)The fa
tors in (38) 
an be represented by Diri
hlet distributions:p(�ijjD;Sh) = Dir(�ijj�ij1 +Nij1; �ij2 +Nij2; : : : ; �ijjxij +Nijjxij) (39)In (39), Nijk represents the number of times that the 
ase (Xi = k; parents(Xi) = j) appears in Dwhile �ijk represents your prior beliefs about how often the 
ase (Xi = k; parents(Xi) = j) wouldo

ur, not having seen D.He
kerman (1999) then goes on to show how, using (39), you obtain:p(XjD;Sh) = jXjYi=1 �ijk +Nijk�ij +Nij ; (40)whi
h results in the following update formula for the probability distribution parameters:�ijk = �ijk +Nijk�ij +Nij : (41)4.2 Known stru
ture and partial observabilityAs shown in Table 3 on page 13, if you know the stru
ture but have not observed all of the data, you
an use expe
tation-maximization(EM) or gradient as
ent to learn the parameters. Exa
t Bayesianmethods are intra
table in this s
enario; so, approximations to the Bayesian methods are used.4.2.1 Likelihood methodThe likelihood method for learning probabilities in Bayesian networks with partial observability is theexpe
tation-maximization (EM) algorithm (Lauritzen, 1995), whi
h is a generalization of the Baum-Wel
h algorithm (Baum, 1972). Zweig (1998) dis
usses how to use EM in dis
rete Bayesian networks,upon whi
h the following is based.
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tation Extending (14) on page 11 to 
liques, the probability of 
lique Cliquei having instan-tiation 
i given the observations e isP (Cliquei = 
iaje) = � � �ia � �ia; (42)where a ranges over the possible instantiations of Cliquei. So, this means, that by 
onverting theBayesian network to a jun
tion tree and running the inferen
e algorithm on it, you 
an use (42) to
ompute the probabilities for ea
h 
lique, given the observations.Now, you want to have a list of 
ounts Nijk for ea
h variable Xi with an instantiation of k and withits parents having an instantiation of j. So, to determine the value for an Nijk , �rst identify a 
liquewhere Xi o

urs with its parents. (Its parents need to be in the 
lique also so that P (Xijparents(Xi))
an be 
omputed from the 
lique probabilities.) If Vijk is the set of 
lique instantiations that haveXi = k and parents(Xi) = j, then Nijk is:Nijk = Xw2Vijk P (Cliquei = wje) (43)(43) marginalizes out any variables in Cliquei whi
h are not part of Xi's family. The values of Nijk
an be a

umulated with ea
h training sample given to the Bayesian network.Maximization On
e all of the Nijk values have been 
omputed, they are then used to re-estimatethe lo
al, 
onditional probability distributions for ea
h variable. That is,P (Xi = kjparents(Xi) = j) = NijkPkNijk = NijkNij (44)4.2.2 Bayesian methodsExa
t methods for 
omputing the probability distribution using Bayesian methods are intra
tablebe
ause the number of parameters in
reases exponentially with the amount of missing data (Cowellet al., 1999). One alternative is to use maximum likelihood with prior 
ounts. Like in Se
tion 4.1.2,He
kerman (1999, Se
tion 6.3) shows how prior 
ounts �ijk 
an be in
orporated into learning withpartial observability, giving a revised expe
tation-maximization algorithm. The revised EM algorithmis as given in Se
tion 4.2.1, but with the following maximization step, revised from (44):P (Xi = kjparents(Xi) = j) = �ijk +Nijk�ij +Nij (45)4.3 Unknown stru
ture and full observabilityHe
kerman (1999) 
ontinues dis
ussing learning in Bayesian networks with methods of learning stru
-ture with 
omplete training data. Two things are needed for this task:� a metri
 for 
omparing potential stru
tures against ea
h other� a sear
h algorithm for �nding potential stru
turesWhile the list of potential stru
tures 
ould be determined by using all of the edges possible in the setof nodes, the size of this list grows exponentially with the number of nodes. Therefore, the sear
halgorithm will only �nd likely 
andidates.
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ture 
omparison metri
One method for evaluating a potential stru
ture is to 
ompute the joint probability p(D;Sh), for thedata D and stru
ture Sh. After fa
toring this and taking its log, you have the following to 
ompute:log p(D;Sh) = log p(DjSh) + log p(Sh); (46)whi
h breaks the task down into 
omputing the posterior probability (the likelihood) and the priorprobability of the stru
ture of the data.One method for 
omputing log p(DjSh) is to use the Bayesian information 
riterion (BIC) (S
hwarz,1978): log p(DjSh) � log p(Dj�̂S; Sh)� d2 logN; (47)where �S are the network parameters, d is the dimensions of g(�s) � log(p(Dj�s; Sh) � p(�sjSh)), andN is taken from the size of D. He
kerman (1999) relates BIC as being the negative of MinimumDes
ription Length (MDL) (Rissanen, 1987).Regarding how to determine the prior probability p(Sh) from (46), there are di�erent methods(He
kerman, 1999). One is to have an expert (e.g., a person) provide a set of possible stru
turesand then to assign all of these an equal prior while assigning all stru
tures not in this set a priorof 0. Another possibility is to set a prior network. The prior probability of any network is de
reaseddepending on the deviation between a potential network and the de�ned prior network (the deviationbeing 
al
ulated a

ording to a pre-determined metri
).4.3.2 Stru
ture sear
h methodsSin
e you are assuming that all of the data has been observed, you know what the nodes in the graphare. So, you just have to �nd the appropriate 
onne
tions between the variables. Doing this over allthe possibilities is NP-hard (He
kerman, 1999). So, there are di�erent options available for doing asele
tive sear
h among the possibilities in order to �nd a good model. One possibility is to do a greedysear
h.In a greedy sear
h, you have at ea
h step a list of all the possible 
hanges that 
an be made tothe graph. These 
hanges are of the following type: adding an edge, in any dire
tion, to the graph;reversing the dire
tion of any edge in the graph; and removing an edge from the graph. The list ofpossible 
hanges is restri
ted to those that keep the graph as a DAG (see page 5 for a de�nition ofDAG). So, at ea
h step you 
hose the 
hange whi
h in
reases log p(Sh), the se
ond element of (46),the most. You 
ontinue iterating until there is no 
hange that will in
rease the probability. Ea
hiteration will always provide a potential stru
ture that has not been previously 
hosen (be
ause allpreviously examined stru
tures have a lower value for log p(Sh) than the 
urrent). See He
kerman(1999) for more details about this and other sear
h algorithms.4.4 Unknown stru
ture and partial observabilityThe �nal learning s
enario from Table 3 is when neither the stru
ture nor the data are fully known.Friedman (1997) explains one method for learning both the network stru
ture and the data, themodel-sele
tion expe
tation-maximization (MS-EM) algorithm. (In Friedman (1998), the algorithmis 
alled the stru
tural EM algorithm (SEM)).Murphy and Mian (1999) give a summary of the stru
tural EM algorithm as follows. You 
andes
ribe learning both the stru
ture and the variables as a 
ombination of the methods from se
tion 4.3and of adding new variables/nodes. You iterate as follows: (1) add a new node to the network,representing a hidden variable; (2) for this given set of nodes, �nd the \best" (as good as you 
an get)network 
onne
tions; (3) 
ontinue as long as the network keeps improving.
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Figure 13: A possible prior network for a dynami
 Bayesian network with threestati
 variables A;B;C. (Probabilities are omitted).
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Figure 14: A possible transition network for a dynami
 Bayesian network withthree stati
 variables A;B;C. (Probabilities are omitted).5 Dynami
 Bayesian NetworksIn my previous dis
ussions about Bayesian networks, none of them had any relation to time. That is,all the variables in the network were from a single point in time. Another domain of interest deals withhow the variables in a Bayesian network 
hange with time, whi
h is what a dynami
 Bayesian network(DBN) addresses. Figure 2 on page 3 illustrates what a stati
 Bayesian network looks like. (None ofthe variables in it have referen
e to time; so it 
an be referred to as a stati
 Bayesian network).For a dynami
 Bayesian network, the following needs to be de�ned: (1) a prior network and (2) atransition network (Friedman et al., 1998). Figure 13 indi
ates a prior network. It represents the priorprobabilities for all of the variables in the network at t = 0, the initial time sli
e. Figure 14 illustrates atransition network for the same dynami
 Bayesian network. The transition network illustrates, for alltime sli
es t = 1; 2; : : : ; n, what the probabilities are for ea
h variable, 
onditioned on other variables(possibly from the previous time sli
e); that is, it gives the edges that lead into ea
h variable.For a dynami
 Bayesian network, the set of variables and probability de�nitions are the same forea
h time sli
e (Zweig, 1998, Se
tion 2.5.2), with the ex
eption of the prior network in the initial
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Figure 15: A dynami
 Bayesian network for �ve time sli
es. The 
onne
tionsfor time 0 are from the prior network in Figure 13 while the 
onne
tions for times1; 2; 3;&4 are from the transition network in Figure 14. (Probabilities are omitted).time sli
e having its own probability distributions. So, given the prior and transition networks, you
an 
onstru
t a dynami
 Bayesian network of any length as follows. You �rst supply the same set of(un
onne
ted) variables for ea
h time sli
e. Within time 0, the 
onne
tions among the nodes and thelo
al probability fun
tions are the same as in the prior network. Then, for every time t = 1; 2; : : : ; n,the 
onne
tions from t � 1 to t, the 
onne
tions within t, and the lo
al probability fun
tions withint are spe
i�ed by the transition network. This 
on�guration is assuming that this is a �rst-orderMarkov network (Zweig, 1998). Figure 15 on page 18 illustrates a dynami
 Bayesian network for �vetime sli
es, built from the prior and transition networks in Figures 13 & 14.6 Bayesian Networks for Automati
 Spee
h Re
ognitionThe area of appli
ation that most 
on
erns my work is spee
h re
ognition. The appli
ation of dynami
Bayesian networks to automati
 spee
h re
ognition (ASR) has been investigated in Zweig (1998).6.1 Advantage of using DBNs in ASRThree advantages pointed out by Zweig and Russell (1997) for using DBNs are (1) by exploiting the
onditional independen
ies allowed by Bayesian networks, you 
an streamline the fa
torization of thejoint probability and thus redu
e the number of parameters, (2) the generality of the inferen
e andlearning algorithms allows a resear
her to easily explore di�erent topologies with the same, unmodi�edBayesian network program, and (3) the tying of a variable a
ross all time sli
es leads to bettertransitional modeling of things su
h as 
oarti
ulation in spee
h.6.2 Topology of the Dynami
 Bayesian Network in ASRBased on Zweig (1998, Chapter 6) and Zweig and Russell (1997), the basi
 topology of a DBN thatis analogous to the topology of a standard hidden Markov model (HMM) spee
h re
ognizer (Rabinerand Juang, 1993) has four variables (see Figure 16):� position variable - this variable holds whi
h part of the model (e.g., the 1st phoneme, 2ndphoneme, et
.) is asso
iated with this time sli
e.� phone variable - this variable gives the phone asso
iated with the 
urrent position.
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AcousticsFigure 16: The basi
 variables in a dynami
 Bayesian network for spee
h re
og-nition, based on Zweig (1998, Se
tion 6.1) and Zweig and Russell (1997), thatillustrate a word model for `digit' with an utteran
e that 
overs seven time frames.For ea
h time sli
e, the position variable indi
ates whi
h part of the word thetime sli
e is modeling, and this then determines what the value of phone will be.The transition variable indi
ates whether or not this was the last time sli
e forthis position in the word. The a
ousti
s variables are observed and are shaded toindi
ate su
h. The �nal position and transition variables are treated as observed(as 5 and true, respe
tively), under the assumption that when you rea
h the �naltime frame, you are in the �nal position in the word and are about to transitionout of it (the �nal phone, in this example, is impli
itly observed sin
e it dependson the value of position).� transition variable - this variable indi
ates whether this is the last time frame for this phone.Based on the 
urrent phone variable, it gives the HMM equivalent of transition probabilities.� a
ousti
 variable - this variable holds the a
ousti
 feature, whi
h is typi
ally observed in spee
hre
ognition appli
ations. Based on the 
urrent phone model, it gives the HMM equivalent ofemission probabilities.7 Other Examples of Bayesian NetworksThere are other areas of appli
ations for Bayesian networks besides spee
h re
ognition. These in
lude
omputer troubleshooting and medi
al diagnosis, among others.7.1 Computer TroubleshootingPerhaps the best known appli
ation of Bayesian networks in a
tual produ
tion is the printer problemtroubleshooter for Mi
rosoft Windows 95 (He
kerman et al., 1995). Figure 17 on page 20 gives thisBayesian network, as taken from the Mi
rosoft Belief Networks (MSBN) program3. The network isused to help an amateur 
omputer user to determine the sour
e of the problem when he has trouble3http://www.resear
h.mi
rosoft.
om/msbn/default.htm
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Figure 17: The printer problem troubleshooter for Mi
rosoft Windows 95, as takenfrom the Mi
rosoft Belief Networks (MSBN) program. (Probabilities are omitted).
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e to the Bayesian network enables the user to indi
ate what he observes aboutthe problem. With 
ertain variables observed, the tool then points the user to the most probable
ause. Mi
rosoft is 
ontinuing to deploy appli
ations using Bayesian networks for troubleshooting4.7.2 Medi
al DiagnosisBy inputing observed symptoms, a Bayesian network for medi
al diagnosis 
an give the probability ofdi�erent diseases that 
ould be 
ausing those symptoms In the network, the diseases are the 
auses,and the symptoms are the e�e
ts. So, if 
ertain symptoms are observed, you 
an infer the probabilitiesfor the di�erent 
auses. This is an example of a network whose stru
ture and probabilities do notne
essarily have to be built by training methods; rather, an expert (su
h as a medi
al do
tor) giveshis own belief regarding the di�erent probabilities and relationships relevant to the network. See�Og�unyem�i (1999) for re
ent work that gives a detailed explanation of a sample medi
al system thatis based on Bayesian networks.

4See the following for an example: http://support.mi
rosoft.
om/support/tshoot/default.asp
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ting the jun
tion tree8.1 Moralizing the Bayesian networkMoralizing (as de�ned on page 5) a Bayesian network is 
on
erned with \marrying" the parents ofea
h 
hild. The pro
edure is as follows. For every 
hild in the initial graph (su
h as the graph inFigure 18), add undire
ted edges between all of its parents from the initial graph. Ea
h parent of agiven node should then be dire
tly 
onne
ted to ea
h other parent of that given node (Jensen, 1996).Then, make all of the original edges in the entire graph undire
ted. So, you now end up with anundire
ted graph (su
h as in Figure 19).8.2 Triangulating the graphTriangulation is the pro
ess of making a graph triangulated (as de�ned on page 6). To do so, you�rst need to number the verti
es of the graph. Any arbitrary numbering of the nodes will work.The resultant ordering, 1; : : : ; n, 
an then be used to make the triangulated graph. The followingalgorithm, taken from Pearl (1988) but originally from Tarjan and Yannakakis (1984), is how touse this numbering to 
onstru
t the triangulated graph (See Figure 20). Pro
eeding from node n,de
reasing to node 1:1. Determine the lower-numbered nodes whi
h are adja
ent to the 
urrent node, in
luding thosewhi
h may have been made adja
ent to this node earlier in this algorithm.2. Conne
t these nodes to ea
h other.Instead of 
hoosing an arbitrary numbering of the nodes in order to do the triangulation, you 
analso use a maximum 
ardinality sear
h (Neapolitan, 1989) (see Figure 20):1. Give any node a value of 12. For ea
h subsequent number, pi
k an unnumbered node that neighbors the most already num-bered nodes (if there is a tie, you 
an pi
k any of the nodes in the tie).

Figure 18: A DAG
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Figure 19: The moralized version of the DAG in Figure 18 (with the verti
es num-bered a

ording to a maximum 
ardinality sear
h after the graph was moralized)
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Figure 20: The triangulated graph from Figure 19One advantage of using the maximum 
ardinality sear
h is that it 
an also be used as a test todetermine if a graph is already triangulated. That is, if you use a numbering from a maximum
ardinality sear
h to do the triangulation, you will only have to add an edge if the graph is notalready triangulated.8.3 Constru
ting the jun
tion treeHaving a triangulated graph, you 
an now move into 
onstru
ting the jun
tion tree. As a preliminarystep, you need an algorithm for produ
ing a perfe
t vertex elimination s
heme from a triangulatedgraph. A perfe
t vertex elimination s
heme is where ea
h vertex subset Xi = fvj 2 Adj(vi)jj < ig is
omplete (as de�ned on page 6 (Golumbi
, 1980, Se
tion 4.2)). This means that the lower numberedneighbors of any given vertex form a 
omplete subgraph (the numbering used in the triangulationstep meets this 
riterion). This de�nition from Golumbi
 (1980) is modi�ed so as to 
onform with the
onventions that Neapolitan (1989) uses, who numbers the nodes from 1; 2; : : : ; n as opposed to fromn; : : : ; 2; 1.The following algorithm for produ
ing the jun
tion tree is based on Golumbi
 (1980, Se
tion 4.7).It produ
es a list of maximal 
liques.
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Figure 21: The 
liques from Figure 20. Note that it is 
ommon for variables too

ur in multiple 
liques.Given: Graph G = (V;E)Given: ordering of verti
es v1; : : : ; vn: � (a perfe
t elimination order)Initialize: � = 1;S[1; : : : ; n℄ = [0; : : : ; 0℄, Cliques = [℄for ea
h de
reasing vertex v in �if v has neighborsif any of v's neighbors o

ur earlier than v in �X = v's earlier o

urring neighbors in �u = the last o

urring element of XS[u℄ = the greater of either S[u℄ or jX j � 1if S[v℄ < jX jCliques = Cliques+X; v� = the greater of either � or 1 + jX jelse break out of for loopelse Cliques = Cliques+ vreturn Cliques; �Having a list of the 
liques in the graph, 
onstru
t the jun
tion tree (Pearl, 1988, Se
tion 3.2.4):1. Sort the 
lique list a

ording to the highest numbered node (using the maximum 
ardinalityordering) in the 
lique.2. Conne
t ea
h 
lique to a previous 
lique in the sorted list with whi
h it shares the most numberof nodes.9 Inferring in the jun
tion treeIn se
tions 3.2.1 & 3.2.2 I mentioned two di�erent approa
hes to belief propagation. In the followingpages I will give more details about how to perform belief propagation a

ording to the approa
h used
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Figure 22: The 
liques from Figure 21 formed into a 
lique tree. Note that for anygiven variable x in the tree, that all of the 
liques that it o

urs in are 
onne
tedtogether (a.k.a., running interse
tion property). While this 
lique tree is a 
hain,nodes in a tree in general are allowed to have more than one 
hild.



26 IDIAP{RR 00-03in Pearl (1988). For details about the other method, you 
an �nd details both in Peot and Sha
hter(1991) and in Zweig (1998), who applies this method to automati
 spee
h re
ognition.9.1 The 
lique potentialHaving set out the stru
ture of the jun
tion tree, you now determine the potential of ea
h of its
liques (Neapolitan, 1989). Ea
h 
lique has a set of potentials,  , whi
h represents the 
ross produ
tof all the possible values of its nodes. Spe
i�
ally, Cliquei is 
omposed of ri nodes: X1; X2; : : : ; Xri .Furthermore, ea
h of these nodes takes on stri values. Then there areQrir=1 str di�erent 
ombinations ofvariable instantiations a
ross all the ri variables in Cliquei. Let  i represent the  values for Cliquei,and let  ij represent the jth of all the possible variable instantiation 
ombinations for Cliquei.for ea
h vertexlAssign a vertexl to any single 
lique where it o

urs with its parentsfor i = 1; : : : ; N (N =the number of 
liques):for j = 1; : : : ; J (J =the number of possible variable instantiation 
ombinations in Cliquei)Initialize  ij , the 
lique's potential for this 
ombination, to 1.for j = 1; : : : ; JFor ea
h vertexl assigned to Cliquei ij =  ij � P (vertexlj jparents(vertexl)j)So, while a variable may o

ur in multiple 
liques, its probability distribution is initially in
luded inthe 
al
ulation of only one 
lique's potential.9.2 Inferring in the jun
tion treeInferring is now done on a 
opy of the jun
tion tree by the passing of � and � values between 
liquesin the tree. The �'s and �'s are similar to the  's in that they hold values for ea
h of the possiblejoint variable instantiation 
ombinations of its member variables. Ea
h 
lique generates one �, whi
hit sends to its parent 
lique (the root sends it nowhere). Furthermore, ea
h 
lique generates a di�erent� for ea
h of its 
hildren 
liques (if it has no 
hildren, it does not generate any �'s). The membervariables for the �'s and �'s is the interse
tion of the variables in the sending 
lique and the variablesin the re
eiving 
lique. If this interse
tion is f;g, then the � or � will be a s
alar instead of a ve
tor.(Note that the � generated by the root 
lique will be a s
alar as it has no 
lique to pass its � up to,thus giving a f;g interse
tion of variables).This is a modi�ed version of what is found in Neapolitan (1989, se
tion 7.3). For further 
lari�
a-tions on the meanings of the di�erent steps of this algorithm and for a partially worked out example,please look there.De�nitionsSi = Cliquei\ parent(Cliquei)Ri = Cliquei � Simainfor every CliqueiLet Oi be the observed variable subset for CliqueiCliqueHi = Cliquei �Oi Hi =  i(X = Oi)Cliquei = CliqueHi i =  HiSi = Si �OiRi = Ri �Oi
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do � prop(
)whenever vertex Cliquep re
eives a �
 from a 
hild Clique
for ea
h instantiation j of  p's variables pj =  pj � �
k (where k � j, k being an instantiation of �
's variables)if Cliquep is the rootPp =  pif Pj = 0 for all instantiations of Cliquep's variablesexit ( the joint probability is 0)� prop(p)whenever vertex Clique
 re
eives a �p from its parent Cliquepfor ea
h instantiation j of P
's variablesP
j =  
j � �pk (where k � j, k being an instantiation of �p's variables)if Clique
 is not a leaf� prop(
)when all Pi are 
al
ulatedfor any variable v in Cliquei, to determine P (v = v0)P (v = v0) =Pw2W P (Cliquei = w),(W being instantiations of Cliquei's variables where v = v0)� prop(
)if R
 = ;�
 =  
else if S
 = ;�
 =PR
l  
l (� is a single value)else for ea
h instantiation k of S
's variables�
k =PR
l  
if �
k 6= 0for ea
h instantiation l of  
's variables, where k � l 
l =  
l=�(S
k)if Clique
 is not the rootpass �
 to Clique
's parent 
lique� prop(p)for ea
h 
hild Clique
 of Cliquepif S
 = ;�
 = 1 (�
 is a single value)else if Cliquep � S
 = ;�
 = P (Cliquep)else for ea
h instantiation k of �
's variables, where k � l�
k =P(Cliquep�S
)l P (Cliquep)pass �
 to Clique
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lusionsIn this paper I have given an introdu
tion to some of the 
on
epts surrounding dis
rete Bayesian net-works. I identi�ed some of the 
on
epts from graph theory that serve as the basis for the algorithmsused in Bayesian networks. These algorithms allow you to 
al
ulate updated (i.e. posterior) proba-bilities given your observed data. Learning algorithms for Bayesian networks were also introdu
ed;these involve learning the lo
al probability distributions and possibly also the topology of the network.Furthermore, these 
on
epts from Bayesian networks 
an be extended to handle time series problems,in
luding those relating to spee
h re
ognition. Finally, I also gave in detail some of the importantalgorithms for working with Bayesian networks.Referen
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