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AVL Trees CMSC-341 Spring 1995 (1/18/95) 11 AVL Trees1.1 Height-Balanced Binary TreesMost operations on binary trees have asymptotic performance given byO(h), where h is the height of the tree. In compact binary trees, tree heightis approximately equal to lg n, where n is the number of nodes in the tree.It is therefore desirable to build trees which are reasonably compact. Oneway to do this is to require that the tree be height balanced.> DEFINITION: An empty binary tree is height balanced. If T is anon-empty binary tree with TL and TR as left and right subtrees,respectively, then T is height balanced if and only if1. TL and TR are height balanced, and2. jhR � hLj � 1, where hR and hL are the heights of TR and TL,respectively.A less formal, but equivalent, de�nition of height balance is:>DEFINITION: A height-balanced binary tree is one for which at everynode, the absolute value of the di�erence in heights of the left and rightchildren is no larger than one.Note: Every complete binary tree is height-balanced.Theorem 1.1 The largest number of nodes in a height-balanced binarytree (HBT) of height h is 2h+1 � 1.> Proof: The most compact HBT is a FBT and this is the number ofnodes in a FBT. <> DEFINITION: An AVL tree is a height balanced binary search tree.> DEFINITION: The balance factor of a binary tree is the di�erence inheights of its two subtrees (hR � hL). The balance factor of a height
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AVL Trees CMSC-341 Spring 1995 (1/18/95) 2balanced binary tree may take on one of the values �1; 0;+1. Any otherbalance factor indicates an unbalanced tree.� An AVL node is \left-heavy" when bf = -1, \equal-height" when bf = 0,and \right-heavy" when bf = +11.2 Rebalancing an AVL TreeTheorem 1.2 An AVL tree whose root has zero balance factor cannot beunbalanced by the insertion of a single node.> Proof: A new node will be added as a leaf to one of the subtrees,increasing that subtree's height by (at most) 1. Therefore, the balancefactor of the tree may change to +1 or �1, keeping the tree balanced. <� An AVL tree with non-zero balance factor may become unbalanced(balance factor becomes �2) upon insertion of a new node.� An AVL tree which becomes unbalanced by insertion of a node can bere-balanced by performing one or more rotations.� Rotate Right means rotate from the right toward the left. The other wayfor Rotate Left.1.2.1 Rotations Are Dictated by a Node's ChildrenWhen rebalancing is to be done at a node, the type of rotations depends onthe balance factor at the right or left child. There are two rebalancing casesfor right child and two cases for left child. Here are the two right child cases(the left child cases are symmetric).Case 1: Right Child's Balance Factor Becomes +1Figure 1.1 shows an abstract AVL tree for case 1. In this case, thebalance factor of the right subtree of R becomes +1 because Z is
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AVL Trees CMSC-341 Spring 1995 (1/18/95) 3added to XR. The tree rooted at R (which may itself be a subtree)has balance factor +1 before node Z is inserted and +2 afterwards.To rebalance the tree, a rotate-right is performed at R. The resultingabstract AVL tree is shown. Note that the height of the treeafter re-balancing is the same as the height before insertionof the new node.
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Figure 1.1: Insertion in AVL Tree (Case 1)Case 2: Right Child's Balance Factor Becomes �1Figure 1.2 shows an abstract AVL tree for case 2. In this case, thebalance factor of the right subtree of R becomes �1 because Z isadded to XL. As in case 1, the balance factor at R changes from +1to +2. To rebalance the tree, two rotations will be necessary. The�rst rotation will be rotate-left around X; the second rotation will berotate-right around R. The �gure shows XL expanded to show itsroot W and subtrees. There are two possibilities for W . Since itdoesn't matter in the �nal analysis, we pursue only one of the twopossibilities. Figure 1.3 shows the re-balanced tree after left-rotationabout X and right-rotation about R.Note that the height of the tree after re-balancing is the same asthe height before insertion of the new node.
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AVL Trees CMSC-341 Spring 1995 (1/18/95) 4
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AVL Trees CMSC-341 Spring 1995 (1/18/95) 51.3 Implementation of AVL Treetemplate <class Etype>class Avl_Node : public Tree_Node<Etype>{private:int Height;friend int Node_Ht( Avl_Node *P ){ return P ? P->Height : -1; }friend int Node_Ht( Tree_Node<Etype> *P ){ return Node_Ht( ( Avl_Node<Etype> * ) P ); }friend void Calculate_Height( Avl_Node *P ){ P->Height = 1 +Max( Node_Ht( P->Left ), Node_Ht( P->Right ) ); }friend void S_Rotate_Left( Avl_Node * & k2 );friend void D_Rotate_Left( Avl_Node * & k3 );friend void S_Rotate_Right( Avl_Node * & k1 );friend void D_Rotate_Right( Avl_Node * & k3 );protected:friend class Avl_Tree<Etype>;public:Avl_Node( Etype E = 0, Avl_Node *L = NULL,Avl_Node *R = NULL, int H = 0 ) :Tree_Node<Etype>( E, L, R ), Height( H ) { }};� Note that the height of a NULL node is de�ned as -1 in Node Ht.� Node Ht is overloaded to avoid having to make type conversions fromTree Node to Avl Node on every call.� Note that the constructor for Avl Node calls the constructor for
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AVL Trees CMSC-341 Spring 1995 (1/18/95) 6Tree Node in the initialization.� Avl Node is derived from Tree Node. It inherits the Element, Left, andRight �elds.� The Avl Node maintains a data member Height, but does not maintain abalance factor.� When it needs the balance factor, it computes the height of the nodes leftand right subtrees (i.e., it computes the balance factor).template <class Etype>class Avl_Tree : public Binary_Search_Tree<Etype>{protected:Avl_Node<Etype> * Copy( const Avl_Node<Etype> *T );void Insert( const Etype & X, Avl_Node<Etype> * & T );void Remove( const Etype & X, Avl_Node<Etype> * & T );public:Avl_Tree( ) : Binary_Search_Tree<Etype>( ) { }const Avl_Tree & operator = ( const Avl_Tree & Value );virtual void Insert( const Etype & X ){ Insert( X, ( Avl_Node<Etype> * & ) Root ); }virtual void Remove( const Etype & X ){ Remove( X, ( Avl_Node<Etype> * & ) Root ); }};� Avl Tree is derived from Binary Search Tree. It overrides the memberfunctions Insert and Remove.� Insert and Remove are overloaded. The public functions call theprotected functions.
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AVL Trees CMSC-341 Spring 1995 (1/18/95) 71.4 Inserting a Node in an AVL Tree� The Insert procedure for AVL trees does a node insertion just like nodeinsertion in a binary search tree (BST). Each recursive call takes youfurther down the tree until the insertion point is found.� In BST, we are satis�ed to simply go back up the recursion without doingany more work.� In AVL, we do some work at each node on the way back up; namely weadjust the balance factors and perhaps do a rebalance.template <class Etype>voidAvl_Tree<Etype>::Insert( const Etype & X, Avl_Node<Etype> * & T ){ if( T == NULL ) // Create a one node tree.{ T = new Avl_Node<Etype>( X );if( T == NULL )Error( "Out of space" );return;}if( X < T->Element ){ Insert( X, ( Avl_Node<Etype> * & ) T->Left );if( Node_Ht( T->Left ) - Node_Ht( T->Right ) == 2 )if( X < ( ( Avl_Node<Etype> * ) T->Left )->Element )S_Rotate_Left( T ); // X is left descendent of T (case 1)elseD_Rotate_Left( T ); // X is right descendent of T (case 2)elseCalculate_Height( T );}(continued below)
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AVL Trees CMSC-341 Spring 1995 (1/18/95) 8elseif( X > T->Element ){ Insert( X, ( Avl_Node<Etype> * & ) T->Right );if( Node_Ht( T->Right ) - Node_Ht( T->Left ) == 2 )if( X > ( ( Avl_Node<Etype> * ) T->Right )->Element )S_Rotate_Right( T ); // X is right descendent of T (case 1)elseD_Rotate_Right( T ); // X is left descendent of T (case 2)elseCalculate_Height( T );}// Else x is in the tree already, so we'll do nothing.}� The text version does not use the balance factor of the children of theunbalanced node to determine which case applies.� It tests to see into which subtree of the unbalanced node the node X wasinserted in order to choose between Case 1 and Case 2 (see Section 1.2.1).> QUESTION: How costly is the computation of the balance factor eachtime?> ANSWER:> QUESTION: How costly would the computation be if balance factordata were stored at each node?> ANSWER:� Keeping balance factor data at each node can substantially improve theperformance of AVL tree operations.
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AVL Trees CMSC-341 Spring 1995 (1/18/95) 9EXAMPLE: If newnode was attached to the left branch of the node, thebalance factor of the node will change. Think of it as a balance arm. If itwas balanced (bf = 0), it now tilts down on the left (bf = -1). If it wastilted to the right (bf = +1), it now becomes balanced (bf = 0). However, ifit was already tilted to the left (bf = -1), it becomes over-tilted to the leftand we must rebalance (LeftBalance) it. Similar (symmetric) changes aremade to the node if the newnode is attached to its right branch.The following table summarizes the balance factor changes:new node old BF new BFattached -1 0to 0 +1right +1 +2attached -1 -2to 0 -1left +1 01.5 Important notes on AVL tree insertions1. Before we start the insertion, the tree is an AVL tree. That meansthat some nodes may have non-zero balance factors, but no node hasa balance factor greater than 1 in absolute value.2. We have shown (Figures 1.1, 1.2, and 1.3) that the height of thesubtree into which the insertion is made is the same after re-balancingas it was before the insertion. This means that we only need torebalance that subtree, not the entire AVL tree of which it is a part.3. We �nd the root of the subtree needing rebalancing as we work ourway back up the recursion. It is the closest node to the insertionpoint which gets a balance factor of �2.
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AVL Trees CMSC-341 Spring 1995 (1/18/95) 101.5.1 Summary of Balance RulesThe following rules apply when a tree becomes unbalanced after insertion ofa new node (the tree balance factor becomes �2). The rules when the treebecomes unbalanced to the left are symmetric to those for the treebecoming unbalanced to the right.1. when the subtree root becomes unbalanced to the right after insertion of anew node.if root.right is +1 then Rotate Right about rootif root.right is -1 thenRotate Left about root.rightRotate Right about root2. when the subtree root becomes unbalanced to the left after insertion of anew node.if root.left is -1 then Rotate Left about rootif root.left is +1 thenRotate Right about root.leftRotate Left about root
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AVL Trees CMSC-341 Spring 1995 (1/18/95) 111.5.2 Summary of Balance Factor ChangesThe rules for the new balance factors after re-balancing a tree are alsosymmetric for right and left unbalance. The following rules are for a treewhich has become unbalanced to the right (balance factor becomes +2):if root.right is +1 thenbalance factor of root = 0balance factor of root.right = 0if root.right is -1 thenif balance factor of root.right is0: balance factor of root = 0balance factor of root.right = 0balance factor of root.right.left = 0-1: balance factor of root = 0balance factor of root.right = +1balance factor of root.right.left = 0+1: balance factor of root = -1balance factor of root.right = 0balance factor of root.right.left = 0 (new root)1.6 Example of Insertions into AVL TreeFigure 1.4 shows the growth of an AVL tree in which the values f1, 2, 3, 4,5, 0, 7, 6g are inserted. The number next to each node is the balance factorof the node. At each insertion, the tree is shown after the insertion. Whenre-balancing is done, the rebalanced tree is also shown. Here's whathappens:I Insert(1): The node is inserted into an empty AVL tree. The treeremains an AVL tree.II Insert(2): The tree remains AVL.
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AVL Trees CMSC-341 Spring 1995 (1/18/95) 12III Insert(3): Node 1's balance factor is (+2), and its right child'sbalance factor is +1. This is \case 1," so Rotate-Right about theunbalanced node (node 1).IV Insert(4): The tree remains AVL.V Insert(5): Node 3's balance factor becomes +1, and its right child'sbalance factor is +1. This is \case 1," so Rotate-Right about theunbalanced node (node 3).VI Insert(0): The tree remains AVL.VII Insert(7): The tree remains AVL.VIII Insert(6): Node 5's balance factor is +2 and its right child's balancefactor is -1. This is \case 2." Therefore, Rotate-Left about the child(node 7) and then Rotate-Right about the unbalanced node (node 5.
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AVL Trees CMSC-341 Spring 1995 (1/18/95) 13
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Figure 1.4: Example of Insertion of f1, 2, 3, 4, 5, 0, 7, 6g into an AVL Tree)
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