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Graphs CMSC-341 Spring 1995 (1/18/95) 11 Graphs1.1 De�nitions> DEFINITION: A graph G = (V;E) consists of a �nite set of vertices,V and a set of edges, E. Each edge is a pair (v;w), where v;w 2 E.� V and E are sets, so each vertex v 2 V is unique, and each edge e 2 E isunique.� Edges are sometimes called arcs or lines.� Vertices are sometimes called nodes or points.> DEFINITION: A directed graph is a graph in which the edges areordered pairs. That is, (u; v) 6= (v; u), u; v 2 E. Directed graphs aresometimes called digraphs.> DEFINITION: An undirected graph is a graph in which the edges areunordered pairs. That is, (u; v) = (v; u).� Since E is a set, an unordered graph cannot have both edge (u; v) andedge (v; u), u; v 2 E. They would not be unique. (An unordered graph-typedata structure which allows such edges is called a multi-graph).� In a directed graph, (u; v) 6= (v; u), u; v 2 E. Therefore, both edges (u; v)and (v; u) may be in a directed graph.� Graphs are often shown pictorially. The vertices are represented as smallcircles or dots. The edges are represented as lines. Figure 1.1 shows twographs of 5 vertices. One of the graphs is a directed graph, the other isundirected. The vertices are labelled just for identi�cation purposes. Theedges are unlabelled.> DEFINITION: Vertex v is adjacent to vertex w if and only if(v;w) 2 E.
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Graphs CMSC-341 Spring 1995 (1/18/95) 2
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bFigure 1.1: Two Simple Graphs (Directed and Undirected)> DEFINITION: Vertex v is adjacent from vertex w if and only if(w; v) 2 E.Note: The text does not distinguish between adjacent to and adjacentfrom. In an undirected graph, it doesn't matter (since (u; v) = (v; u),u; v 2 E). In a directed graph it does matter and the distinction betweenfrom and to is important.EXAMPLE: In the undirected graph of Figure 1.1, vertex a is adjacent tovertex b; but is not adjacent to vertex d. In the directed graph, vertex a isadjacent to vertex b; is adjacent from vertex c; but is not adjacent to orfrom vertex d.� An edge in a graph may also have other values associated with it. Thesevalues are commonly called weight or cost. Edges may also be labelled(given a unique name).� The degree of a vertex u in an undirected graph is the number of verticesadjacent to u. Degree is sometimes called valence.� The in-degree (outdegree) of a vertex u in a directed graph is the numberof vertices adjacent from (to) u.EXAMPLE: In the undirected graph of Figure 1.1, vertex a has degree 2.In the directed graph, vertex a has indegree 1 and outdegree 1; vertex b hasindegree 2 and outdegree 1.
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Graphs CMSC-341 Spring 1995 (1/18/95) 31.2 Paths in Graphs> DEFINITION: A path in a graph is a sequence of verticesw1; w2; w3; : : : ; wn such that (wi; wi+1) 2 E for 1 � i < n.> DEFINITION: The length of a path in a graph is the number of edgeson the path.� The length of the path from a vertex to itself is 0.� We do not consider edges (v; v), v 2 E from a vertex to itself. Such anedge is called a loop. Some authors prohibit loops.> DEFINITION: A simple path is a path such that all vertices aredistinct, except that the �rst and last may be the same.EXAMPLE: In the undirected graph of Figure 1.1, there are two simplepaths of length 2 and one simple path of length 3 from vertex a to vertex d.The paths of length 2 are a; b; d and a; e; d. The path of length 3 is a; b; c; d.EXAMPLE: In the directed graph of Figure 1.1, there is one simple pathfrom a to d, namely the path a; b; d. The length of this path is 2.> DEFINITION: A cycle in a graph is a path w1; w2; � � � ; wn, w 2 V suchthat:1. there are at least two vertices on the path (the path length is at least1), and2. w1 = wn (the path starts and ends on the same vertex), and3. if any part of the path contains the sub-path wi; wj; wi, then each ofthe edges in the subpath is distinct, (no doubling back along the sameedge is allowed).> DEFINITION: A simple cycle is one in which the path is simple.EXAMPLE: Some simple cycles in the undirected graph of Figure 1.1 area; b; d; e; a and b; d; c; b. The cycle a; b; c; d; b; a is an example of a cycle which
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Graphs CMSC-341 Spring 1995 (1/18/95) 4is not simple because not all the vertices are distinct (b appears twice).EXAMPLE: Some simple cycles in the directed graph of Figure 1.1 area; b; d; e; a and b; d; c; b. The cycle b; d; c; b; d; e; a; b is an example of a cyclewhich is not simple because not all the vertices are distinct (b and d arerepeated at other than the endpoints).> DEFINITION: An undirected graph is connected if there is a pathfrom every vertex to every other vertex.> DEFINITION: A directed graph is strongly connected if there is a pathfrom every vertex to every other vertex.> DEFINITION: A directed graph which is weakly connected if, whenthe directed edges are replaced by undirected edges, the graph is connected.> DEFINITION: A complete graph is one in which there is an edgebetween every pair of vertices.1.3 Some Simple Graph TheoremsThe following theorem, due to Euler, is perhaps the very �rst graphtheorem:Theorem 1.1 Let G = (V;E) be an undirected graph. Letv1; v2; : : : ; vp 2 V be the vertices in G and let q = jEj be the number ofedges in E. Let D(v) be the degree of vertex v. Then,pXi=1D(vi) = 2q(the sum of the degrees of all the vertices is twice the number of edges).> Proof: Since every arc is incident on two vertices, each arc contributes 2to the sum of the degrees of the vertices. <A corollary of Theorem 1.1 is:
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Graphs CMSC-341 Spring 1995 (1/18/95) 5Theorem 1.2 In any undirected graph, the number of vertices of odddegree is even.> Proof: Let S = D(v1) +D(v2) + : : :+D(vm), where v1; : : : ; vm haveeven degree. Let T = D(vm+1) +D(vm+2) + : : :+D(vp) where vm+1; : : : ; vphave odd degree.From Theorem 1.1, S + T = 2q and 2q is even. But, S is even since it is thesum of even numbers. Therefore, T must also be even (even + even =even). Therefore, T must contain an even number of terms (each term in Tis odd, but T is even; an odd number of odds would be odd, an evennumber of odds is even). <1.4 A Graph ADTWe can de�ne a graph ADT as:1. the object is a graph, and2. for any graph G = (V;E) with vertices u; v 2 V the operations are:� Degree(u) returns the degree of vertex u (undirected graph).� InDegree(u) returns the in-degree of vertex u (directed graph).� OutDegree(u) returns the out-degree of vertex u (directedgraph).� AdjacentTo(u) returns a list of the vertices adjacent to vertex u(directed and undirected graphs).� AdjacentFrom(u) returns a list of the vertices adjacent fromvertex u (directed graph).� Connected(u,v) returns TRUE if vertices u and v areconnected, FALSE otherwise (directed and undirected graphs).
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Graphs CMSC-341 Spring 1995 (1/18/95) 61.5 Graph Traversals� As with trees, graphs can be traversed breadth-�rst or depth-�rst. Recallthat breadth-�rst tree traversal involved a queue and depth-�rst traversalinvolved a stack.� In tree traversals, there was no danger of repeating a path because thereare no cycles in a tree. This is not true for graph traversals.� To avoid going over the same path multiple times, we mark each vertex as\visited" when we �rst encounter it. We do not consider visited verticesmore than once.Compare the following breadth-�rst and depth-�rst graph traversals to thecorresponding traversals for binary trees.Breadth-First:Queue<graphvertex> q;graphvertex u;q.Enqueue(startvertex); // Choose any vertex to start withMarkVisited(startvertex)while (!q.isEmpty()){ u = q.Dequeue();for (each vertex w adjacent to u)if (w is not marked as visited){ MarkVisited(w);q.Enqueue(w);}}
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Graphs CMSC-341 Spring 1995 (1/18/95) 7Depth-First:Stack<graphvertex> s;graphvertex u;s.Push(startvertex); // Choose any vertex to start withMarkVisited(startvertex)while (!s.isEmpty()){ u = s.Top(); s.Pop();for (each vertex w adjacent to u)if (w is not marked as visited){ MarkVisited(w);s.Push(w);}}EXAMPLE: For the graph of Figure 1.2,a breadth-�rst order of visit,starting from vertex 1 is 1 2 3 4. A depth-�rst order of visit, starting fromvertex 1 is 1 2 4 3. Note that in neither case is vertex 5 visited.
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5Figure 1.2: Example Graph for DF and BF Traversals� Many graph algorithms assign numbers to the vertices. The numbers areusually assigned in arbitrary order.� Each vertex is visited at most once.� The edges traversed form a tree which includes all the visited vertices in
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Graphs CMSC-341 Spring 1995 (1/18/95) 8the graph. This tree is called a spanning tree.� For connected graphs, depth-�rst and breadth-�rst traversals will visitevery vertex, starting from any vertex. In a graph which is not connected(such as Figure 1.2), visitation of every vertex is guaranteed only if atraversal is done starting from each vertex.> QUESTION: What is the performance of df and bf traversal?> ANSWER:1.6 The AdjacentTo operationThere are two ways to implement the AdjacentTo(u) operation:1. Look at every vertex (except u), asking \are you adjacent to u?"List<graphvertex> L;for (each vertex v, except u)if (Connected(u,v))L.Insert(v);This algorithm is O(jV j) (depending on Connected).2. Look only at the edges which impinge on u. Therefore, at each vertex,the number of vertices to be looked at is Degree(u). Therefore, thisapproach is O(Degree(u)).� In the �rst approach, since AdjacentTo is done O(jV j) times, theperformance of df and bf traversal is O(jV j2)� In the second approach, the performance of df and bf traversal isO(PjV ji=1D(vi)) = O(2q) = O(jEj) (see Theorem 1.1). However, in a
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Graphs CMSC-341 Spring 1995 (1/18/95) 9disconnected graph we must still look at every vertex, so the performanceof df and bf traversals is max(O(jV j); O(jEj)) = O(jV j+ jEj).Theorem 1.3 The number of edges in an undirected graph G = (V;E) isO(jV j2)> Proof: Suppose G is fully connected, so there is an edge between eachpair of vertices. Let p = jV j. We have the following situation:vertex connected to1 2; 3; 4; : : : ; p2 1; 3; 4; : : : ; p: : : : : :p 1; 2; 3; 4; : : : ; (p� 1)There are p(p�1)2 = O(jV j2) edges.<� In a directed graph, the result is p(p � 1) = O(jV j2) edges.� In any undirected graph, 0 � jEj � jV j2.� A \typical" undirected graph has more edges than vertices, so, generally,jV j < jEj < jV j2.� The second approach to the operation AdjacentTo causes df and bftraversal to be O(jV j+ jEj). Since from Theorem 1.3, jEj = O(jV j2), dfand bf traversal is O(jV j2) under both approaches.> QUESTION: If df and bf traversal is O(jV j2) under both approaches tothe operation AdjacentTo, does it matter which approach is used?> ANSWER:
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Graphs CMSC-341 Spring 1995 (1/18/95) 101.7 Graph ImplementationsThe two basic methods for implementing graphs are the adjacency tableand the adjacency list methods.1.7.1 Adjacency TableThe adjacency table implementation (also known as adjacency matrix) usesa table of size jV j � jV j. Each entry (i; j) in the table is boolean { TRUE ifthere is an edge from vertex i to vertex j, FALSE otherwise.EXAMPLE: Here is an undirected graph and its adjacency table:1 2 3 4 51 0 1 1 0 02 1 0 1 1 03 1 1 0 0 04 0 1 0 0 05 0 0 0 0 0 1

2

3

4

5EXAMPLE: Here is a directed graph and its adjacency table:1 2 3 4 51 0 1 1 0 02 0 0 1 1 03 0 0 0 0 04 0 1 0 0 05 0 0 0 0 0 1
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5� When edges are weighted, store the weights in the table. Use 1 for \noedge."� Note that for undirected graphs, the adjacency table is symmetric. It'sgenerally not symmetric for directed graphs.
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Graphs CMSC-341 Spring 1995 (1/18/95) 111.7.2 Analysis of Adjacency Tables� The storage requirement is O(jV j2).The performance of the ADT operations on graphs implemented byadjacency tables is:Degree(u) O(jV j) Must look at (p � 1) elements on the u-th row.InDegree(u) O(jV j) Must look down the u-th column.OutDegree(u) O(jV j) Must look across the u-th row.AdjacentTo(u) O(jV j) Must look across the u-th row.AdjacentFrom(u) O(jV j) Must look down the u-th column.Connected(u,v) O(1) Random access to element [u; v].1.7.3 Adjacency ListIn the adjacency list methods, a list of adjacent vertices is kept for eachvertex. Figure 1.3 shows some of the many variations on this theme.Array of Lists of Indices: An array of pointers to a list of indices. Eachelement of array[i] is a pointer to a list of the indices of the verticesadjacent to vertex i.List of Lists of Pointers: A list of tuplestemplate <class T>class tuple{ List<tuple *> * ptrlist;tuple * next;};each element in ptrlist is a pointer to the tuple for the adjacentvertices.
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Graphs CMSC-341 Spring 1995 (1/18/95) 12Lists in Array (NIL sentinels): Each entry a[i,j] is either the index ofthe j-th vertex adjacent to vertex i or a NIL sentinel indicatingend-of-list.Lists in Array (with valence array): Instead of using NIL sentinels tomark the end of the list in the array, a separate array Valence is keptindicating the number of entries in each row of the array.
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Array of lists of indicesFigure 1.3: A Variety of Adjacency Lists for the Graph Shown
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Graphs CMSC-341 Spring 1995 (1/18/95) 131.7.4 Analysis of Adjacency Lists� The storage requirement is O(jV j2).The performance of the ADT operations on graphs implemented byadjacency tables is (note D(u) is the degree of vertex u):Array of Lists List of Lists Lists in Array Lists in Arrayof Indices of Pointers (NIL sentinels) (with valence)Degree(u) O(D(u)) O(D(u)) O(D(u)) O(1)InDegree(u) O(jV j+ jEj) O(jV j+ jEj) O(jV j+ jEj) O(jV j+ jEj)OutDegree(u) O(D(u)) O(D(u)) O(D(u)) O(1)AdjacentTo(u) O(D(u)) O(D(u)) O(D(u)) O(D(u))AdjacentFrom(u) O(jV j+ jEj) O(jV j+ jEj) O(jV j2) O(jV j2)Connected(u,v) O(D(u)) O(D(u)) O(D(u)) O(D(u))Storage O(jV j+ jEj) O(jV j+ jEj) O(jV j2) O(jV j2)� Degree(u) requires counting list length in each case except "Lists inArray (with valence)."� InDegree(u) requires searching each list for the presence of vertex u.� OutDegree(u) requires counting list length in each case except \Listsin Array (with valence)."� AdjacentTo(u) requires construction of a list of each vertex on theadjacency list of vertex u. Note that if just the list is to be returned, thiscan be considered to be O(1).� AdjacentFrom(u) requires construction of a list of vertices by searchingthe adjacency lists of each vertex.� Connected(u,v) requires searching the adjacency list of vertex u for thepresence of vertex v.� Storage for the \Lists in Array" requires an entry (even if NIL) for eachvertex and is therefore O(jV j2). Storage for the other methods requires an
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Graphs CMSC-341 Spring 1995 (1/18/95) 14entry for each vertex and a list of entries for each adjacent vertex. No listentry is needed for NIL entries. Pointer storage is required. O(jV j+ jEj)1.8 Directed Acyclic Graphs (DAG)> DEFINITION: A directed acyclic graph is a directed graph with nocycles.A major use for DAGs is representation of partial orders.> DEFINITION: A partial order R on a set S is a binary relation suchthat1. for all a 2 S, aRa is false (irre
exive property)2. for all a; b; c 2 S, if aRb and bRc then aRc is true (transitiveproperty).To represent a partial order with a DAG, follow these steps:1. represent each member of S as a vertex.2. for each pair of vertices (a; b), insert an edge from a to b if and only ifaRb.
MATH-151

MATH-152

CMSC-341

CMSC-211 CMSC-331

CMSC-445Figure 1.4: A DAG for some Computer Science CoursesEXAMPLE: The usual textbook example of a DAG representing a partialorder is the representation of course prerequisites. We de�ne the partial
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Graphs CMSC-341 Spring 1995 (1/18/95) 15order � on the set of courses C to mean that for courses a; b 2 C, a � b ifand only if a is a prerequisite for b.EXAMPLE: In �gure 1.4,CMSC�151 � CMSC�341 � CMSC�331) CMSC�151 � CMSC�331 (thetransitive property). Note that MATH�152 6� CMSC�445.1.8.1 Some More De�nitions> DEFINITION: Vertex i is a predecessor of vertex j if and only if thereis a path from i to j.> DEFINITION: Vertex i is an immediate predecessor of vertex j if andonly if (i; j) is an edge in the graph.� Similar de�nitions for successor and immediate successor.1.9 Topological Ordering> DEFINITION: A topological ordering of the vertices of a DAGG = (V;E) is a linear ordering such that, for vertices i; j 2 V , if i is apredecessor of j, then i precedes j in the linear order.In general, there is more than one topological ordering for a given DAG.
a b c d a b c d a b c d

(a) (b) (c)Figure 1.5: Examples for Topological OrderingEXAMPLE: Figure 1.5 show three graphs. Graph (a) has only onetopological ordering, namely a b c d. Graph (b) has a large number of
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Graphs CMSC-341 Spring 1995 (1/18/95) 16topological ordering, namely 4! = 24. Graph (c) has more than 1 and fewerthan 24 topological orderings (two of them are a b c d and a c b d.1.9.1 An Algorithm for Topological OrderingHere is pseudo-code for performing a topological ordering on a DAGG = (V,E). We assume that Num Vertex, the size of V, is known before-hand.void TopSort(Graph G){ unsigned int counter = 1;Vertex v, w;Queue<Vertex> q (Num_Vertex);Array<Vertex> indegree(Num_Vertex);for each Vertex v{ indegree[v] = InDegree(v); // fill indegree matrix andif (indegree[v] == 0) // enqueue zero indegree vertices.q.Enqueue(v);while (!q.Is_Empty()){ v = q.Dequeue();Put v on the topological ordering;counter++;for each Vertex w adjacent to v{ indegree[w] -= 1;if (indegree[w] == 0)q.Enqueue(w);}if (counter <= Num_Vertex)Error("Graph has a cycle");}
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Graphs CMSC-341 Spring 1995 (1/18/95) 17� Vertex might just be an integer index of an array representation. In thiscase we would have done typedef int Vertex;� The counter variable is used to check for the existence of a cycle in thegraph. counter is incremented after each Dequeue operation. If theindegree of a vertex is \too high" due to a cycle, it will not be enqueued, socounter will be too low.> QUESTION: Under what circumstances can counter be equal toNum Vertex?> ANSWER:� Rather than wait till the algorithm is completed, a partial test for cyclescan be made immediately after �lling the indegree array. A su�cient, butnot necessary, condition for the presence of a cycle is that no vertex havezero indegree.> QUESTION: What is the asymmptotic performance of TopSort as afunction of the size of the graph?> ANSWER:
Created by Neevia Document Converter trial version http://www.neevia.com

http://www.neevia.com


Graphs CMSC-341 Spring 1995 (1/18/95) 18
EXAMPLE: TopSort on the DAG in Figure 1.6:

1 2 3 4 5

6 7 8 9 10Figure 1.6: Example for TopSort Algorithm
Created by Neevia Document Converter trial version http://www.neevia.com

http://www.neevia.com


Graphs CMSC-341 Spring 1995 (1/18/95) 19indegree array at start:vertex: 1 2 3 4 5 6 7 8 9 10indegree 1 2 2 0 2 1 0 3 2 0step queue v counter0 -- - 1 // starting condition1 4,7,10 - 1 // vertices with zero indegree2 7,10 4 2 // dequeue 4--------------------------------------------------------------vertex: 1 2 3 4 5 6 7 8 9 10 // adjust for adjacent to 4indegree 1 2 1 0 1 1 0 2 1 0--------------------------------------------------------------3 10 7 3 // dequeue 7--------------------------------------------------------------vertex: 1 2 3 4 5 6 7 8 9 10 // adjust for adjacent to 7indegree 0 1 0 0 1 1 0 2 1 0 // 1 and 3 go to zero--------------------------------------------------------------4 1,3 10 4 // dequeue 10, enqueue 1 and 3--------------------------------------------------------------vertex: 1 2 3 4 5 6 7 8 9 10 // adjust for adjacent to 10indegree 0 1 0 0 0 1 0 2 1 0 // 5 goes to zero--------------------------------------------------------------continued on next page
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Graphs CMSC-341 Spring 1995 (1/18/95) 20TopSort example, continued5 3,5 1 5 // dequeue 1, enqueue 5--------------------------------------------------------------vertex: 1 2 3 4 5 6 7 8 9 10 // adjust for adjacent to 1indegree 0 0 0 0 0 0 0 2 1 0 // 6 and 2 go to zero--------------------------------------------------------------6 5,6,2 3 6 // dequeue 3, enqueue 6 and 2--------------------------------------------------------------vertex: 1 2 3 4 5 6 7 8 9 10 // adjust for adjacent to 3indegree 0 0 0 0 0 0 0 2 1 0 // no change--------------------------------------------------------------7 6,2 5 7 // dequeue 5--------------------------------------------------------------vertex: 1 2 3 4 5 6 7 8 9 10 // adjust for adjacent to 5indegree 0 0 0 0 0 0 0 2 0 0 // 9 goes to zero--------------------------------------------------------------8 2,9 6 8 // dequeue 6, enqueue 9--------------------------------------------------------------vertex: 1 2 3 4 5 6 7 8 9 10 // adjust for adjacent to 6indegree 0 0 0 0 0 0 0 2 0 0 // no change--------------------------------------------------------------9 9 2 9 // dequeue 2--------------------------------------------------------------vertex: 1 2 3 4 5 6 7 8 9 10 // adjust for adjacent to 2indegree 0 0 0 0 0 0 0 1 0 0 // no change--------------------------------------------------------------10 9 10 // dequeue 9--------------------------------------------------------------vertex: 1 2 3 4 5 6 7 8 9 10 // adjust for adjacent to 9indegree 0 0 0 0 0 0 0 0 0 0 // 8 goes to zero--------------------------------------------------------------11 8 - 11 // enqueue 812 - 8 12 // dequeue 8// no adjustment of arrayend of TopSort example
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Graphs CMSC-341 Spring 1995 (1/18/95) 211.10 Spanning Trees> DEFINITION: A spanning tree of a connected graph G = (V;E) is aminimal (lowest number of edges) subgraph G0 such that G0 is connected,V (G0) = V (G), and E(G0) � E(G).� Less formally, a spanning tree of a connected graph G is a tree consistingsolely of edges from G and including all vertices of G.� If the graph is not connected, then we get a set of spanning trees. This iscalled a spanning forest.� In general, a graph has more than one spanning tree.EXAMPLE: Figure 1.7 shows a graph and some of its spanning trees.
etc.Figure 1.7: A Graph and some of its Spanning Trees� A spanning tree can be found by doing a breadth-�rst or depth-�rsttraversal of the graph. The edges traversed form a spanning tree.� A typical application of spanning trees is �nding ways to connectprocessors with a minimum number of network connections (assigningweight of 1 to each edge). The spanning trees of G represent all feasiblechoices for a communication network with minimal number of edges.� A spanning tree is a free tree (no vertex distinguished as root).� Any connected acyclic graph is a free tree.
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Graphs CMSC-341 Spring 1995 (1/18/95) 22Theorem 1.4 Every free tree with n � 1 vertices contains exactly n� 1edges.> Proof: By induction on number of vertices.Base: True for n = 1 (no edges).IH: Assume true for all free trees with n < N vertices.Proof: Add a vertex to a free tree of N � 1 vertices, connecting it to thetree by an edge. By IH, the original tree had N � 2 edges. It now hasN � 1 edges. <Theorem 1.5 If we add an edge (but not a vertex) to a free tree, a cycle isproduced.> Proof: By contradiction: suppose that an edge could be added to a freetree of n vertices without producing a cycle. Then this new tree is still afree tree, and it has n vertices and n edges. This violates Theorem 1.4. <> DEFINITION: A minimum spanning tree (MST) is a spanning tree ofa weighted graph such that the sum of the weights of the edges is minimal.> DEFINITION: Every minimum spanning tree satis�es the minimumspanning tree property, namely:For weighted, undirected graph G = (V;E), let U be some subset of V suchthat neither U nor V � U are empty. Let (u; v) be a lowest cost edge suchthat u 2 U and v 2 V � U . Then, there is a minimum spanning tree thatincludes (u; v) as an edge.Note: The MST property does not say that every MST contains the edge(u; v). It does say that some MST contains it.EXAMPLE: For the following graph, suppose U = B;C. Then, there is aMST that includes edge (C;E).Theorem 1.6 (Proof of MST property) For weighted, undirected,connected graph G = (V;E), let U be some subset of V such that neither U
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Graphs CMSC-341 Spring 1995 (1/18/95) 23
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Cnor V � U are empty. Let (u; v) be a lowest cost edge such that u 2 U andv 2 V � U . Then, there is a minimum spanning tree that includes (u; v) asan edge.> Proof: By contradiction: Suppose there is NO MST which includes(u; v). Let T be some MST of G. Add (u; v) to it, thus introducing a cycle(which involves (u; v)). There must also be an edge (u0; v0) between U andV �U , or else there would be no cycle. So, remove (u0; v0) to get a spanning
u’

u

U

v

v’

V-Utree again. Since the weight of (u; v) is no greater than the weight of (u0; v0)((u; v) is a minimum cost edge between U and V � U), the spanning treecost is no larger than T , which was a MST. Therefore, there is a MSTwhich contains (u; v), contradicting the assumption. <� Two famous algorithms for �nding MST use the MST property. Thesealgorithms are Prim's algorithm and Kruskal's algorithm.
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Graphs CMSC-341 Spring 1995 (1/18/95) 241.10.1 Prim's AlgorithmStart with U = �. Vertices are then added to U by �nding the lowest costedge from U to V-U at any time.Put any vertex in U; // U initially emptywhile (V-U is not empty){ Choose a lowest cost edge (u,v) whereu is in U and v is in V-U;Add v to U (thus removing it from V-U);}Prim is O(jV j2) since every vertex is eventually added to U ; and each timea vertex is added to U , we must scan the remaining vertices in V � U .EXAMPLE: In the graph shown below, start with U = a. Sequentially, Ubecomes a; c, a; c; f , a; c; f; d, a; c; f; d; b; producing the MST shown. Thecost of the MST is 15.
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A Minimum Spanning Tree1.10.2 Kruskal's AlgorithmUnlike Prim, Kruskal's algorithm does not require scanning over all thevertices to �nd minimum weight edges. Instead, it chooses a greedyapproach, selecting the appropriate minimum weight edge at any time.Here's the algorithm:
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Graphs CMSC-341 Spring 1995 (1/18/95) 25Start with the vertices of G, but no edges. This gives us a collection of jV jconnected (i.e., single vertex) components. We build up the size of thesecomponents one edge at a time. The number of edges needed to form thespanning tree will be jV j � 1. We know that jEj is at least this large sincethe graph is connected.Produce a list of edges, L, in non-decreasing order by weightwhile ( number of edges selected < |V|-1 ){w = L.Remove(); // remove from head of list (lowest cost edge)if (w connects two unconnected components)select w and add it to the MSTelse // w is internal to a componentdo not select w // it would have caused a cycle in T}� Analysis of Kruskal:O(jEj lg jEj) to put edges in order.In each iteration:O(lg jEj) to �nd least cost edge.O(lg jEj) to check if the edge is in one partition.O(lg jEj) to merge two partitions.� Checking if an edge is in one partition amounts to checking formembership of its vertices in a set. This hasn't been covered in the courseyet, but the operation can be done in O(lg jEj) time.� Since there are O(jEj) iterations, Kruskal is O(jEj lg jEj).� Kruskal is a \greedy" algorithm in that it always takes the lowest costedge next.� Kruskal works even when some edges have negative weight.
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Graphs CMSC-341 Spring 1995 (1/18/95) 261.11 Shortest-Path Algorithms> DEFINITION: The single-source shortest-path problem is this:\Given as input a weighted graph G = (V;E), and a distinguished vertexs 2 V , �nd the path with lowest weight from s to every other vertex in G."� For unweighted graphs, the single-source shortest-path problem is theweighted graph problem in which each edge has a weight of 1.
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1Figure 1.8: Graph For Shortest Path ExamplesEXAMPLE: In the graph of Figure 1.8, the shortest weighted path fromvertex 1 to vertex 6 has a cost of 6. The path is 1, 4, 7, 6.The shortest unweighted path has a cost of 2.� Actually, there are two shortest unweighted paths from vertex 1 tovertex 6. They are 1, 3, 6 and 1, 4, 6. The \shortest" weighted orunweighted path is not necessarily unique.1.11.1 Unweighted Single-Source Shortest-Paths� The underlying idea of the algorithm is to do a breadth-�rst search fromthe source vertex, tabulating the distances to the other vertices as we go.
Created by Neevia Document Converter trial version http://www.neevia.com

http://www.neevia.com


Graphs CMSC-341 Spring 1995 (1/18/95) 27Here is the algorithm. T is a table of vertices, distances, and path such thatT[i].Dist is the distance of vertex i from the source vertex and T[i].Pathis the vertex from which vertex i was reached on the shortest path from thesource. Initially, T[i].Dist is infinity for all i.voidUnweighted_Shortest_Path( Table T ){ Vertex V, W;Queue<Vertex> Q( Num_Vertex );Q.Enqueue( S ); // Enqueue the start vertex S, determined elsewhere.while( ! Q.Is_Empty( ) ){ V = Q.Dequeue( );for Each W Adjacent To Vif( T[ W ].Dist == Infinity ) // if "unvisited"{ T[ W ].Dist = T[ V ].Dist + 1;T[ W ].Path = V;Q.Enqueue( W );}}}� The text has T[ W ].Dist = T[ V ].Dist; which is incorrect.> QUESTION: What is the asymptotic performance ofUnweighted Shortest Path?> ANSWER:EXAMPLE: Run the algorithm on the graph of Figure 1.8, with edgeweights taken as unity, for the single source vertex 3. The table (call itTab3) is:
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Graphs CMSC-341 Spring 1995 (1/18/95) 28Vertex Dist Path1 1 32 2 13 0 04 2 15 3 26 1 37 3 4Here is the function for printing the path from a vertex V to the startingvertex.voidPrint_Path( Vertex V, Table T ){ if( T[ V ].Path != Not_A_Vertex ){ Print_Path( T[ V ].Path, T );cout << " to ";}cout << V;}EXAMPLE: To print the path to vertex 5, using table Tab3, call thefunction as Print Path(5, Tab3), resulting in the output3 to 1 to 2 to 5.1.11.2 Weighted Single-Source Shortest-Paths� The Dijkstra algorithm is an example of a greedy algorithm.� Greedy algorithms are famous for �nding locally valid solutions. They donot always work in �nding globally valid solutions.� The Dijkstra algorithm solves the weighted single-source shortest-pathproblem as long as the weights are all positive. The locally valid solution is
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Graphs CMSC-341 Spring 1995 (1/18/95) 29also the globally valid solution (as will be proven later).Here is pseudo-code for the Dijkstra algorithm with positive weight edges.G = (V,E) is the graph. Let D(v) be the distance from the source to ver-tex v. Let C(u,v) be the weight of edge (u,v). Let S be a set of vertices,initially empty. Let P(v) be the vertex from which v is reached on theshortest path from source.Add the source vertex to S;// initialize D. This is O(|V|)for (each vertex v in V-S)D(v) = C(source,v);// determine shortest pathswhile (V-S is not empty) // do this O(|V|) times{ let w be the vertex in V-S which has minimum Dadd w to S // thereby removing it from V-Sfor (each vertex v in V-S, v adjacent to w)if (D(w) + C(w,v) < D(v)){ D(v) = D(w) + C(w,v);P(v) = w;}}> QUESTION: What is the asymptotic performance of Dijkstra?> ANSWER:
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Graphs CMSC-341 Spring 1995 (1/18/95) 30
Theorem 1.7 Dijkstra's algorithm works for G = (V;E), a weighted graphwith no negative weight edges.> Proof: By contradiction. (This proof is due to Aho, Hopcroft andUllman). In each step of the algorithm,we �nd a shortest path to a vertexw in V � S which stays entirely within S (except for the edge which goesfrom S to V � S). There cannot be a shorter path from source to w. Ifthere were, it would have to leave S at some point. Figure 1.9 shows ahypothetical shortest path which goes through vertex x 2 V � S, wandersin V �S and S, and �nally gets to vertex w 2 V �S. If this path is shorterthan the path found by the algorithm, then the portion of the path to x isshorter than the path to w. But then, D(x) is shorter than D(w) and xwould have been chosen before w. <� Notice that Theorem 1.7 is not true if negative edge weights are allowed.1.12 All-Pairs Shortest-Path Problem> DEFINITION: Given a weighted directed graph G = (V;E), theall-pairs shortest-path problem (APSP) is to produce a table (of sizejV j � jV j) in which entry (i; j) gives the shortest path length betweenvertex i and vertex j.
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source

w

x

V

SFigure 1.9: Dijkstra: Hypothetical Shorter Path to Vertex w� One way to solve this problem is to use Dijkstra's algorithm jV j times,once for each vertex as source. On sparse graphs (using adjacency list),Dijkstra runs in O(jEj lg jV j), so APSP can be done in O(jV jjEj lg jV j). Fordense graphs (using adjacency matrix), Dijkstra runs in O(jV j2), so APSPwould run in O(jV j3).1.12.1 Floyd's Algorithm for APSPThis section is due to Aho, Hopcroft, and Ullman.� Floyd's algorithm for solving APSP runs in O(jV j3) time, but involvesonly simple matrix operations. Therefore, although it has the sameasymptotic performance for dense graphs as Dijkstra done jV j times, theconstant of proportionality may be much lower for Floyd than for Dijkstra.� Dijkstra is better than Floyd for sparse enough graphs.� Floyd's algorithm requires a jV j � jV j matrix of weights, in addition tothe usual cost matrix kept as part of the graph representation. Let W (i; j)be this weight matrix and C(i; j) be the cost matrix. Initially,
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Graphs CMSC-341 Spring 1995 (1/18/95) 32W (i; j) = C(i; j).� Make jV j iterations over the W matrix. After the k-th iteration, the Wmatrix will contain the smallest path from vertex i to vertex j which doesnot go through any vertex numbered higher than k.� The operation performed in the k-th iteration isW [i; j] = min(W [i; j];W [i; k] +W [k; j])In other words, if there is a shorter path going through vertex k, then useit. Figure 1.10 shows the situation.
k

ji

W[i,k]
W[k,j]

W[i,j]Figure 1.10: Floyd: Paths Involving Vertices i, j, and kHere is pseudo-code for Floyd's algorith:// initialize the W matrixfor (each vertex i)for (each vertex j)W[i,j] = C[i,j];for (each vertex k)for (each vertex i)for (each vertex j)if (W[i,k] + W[k,j] < W[i,j]W[i,j] = W[i,k] + W[k,j];� Because of the triple loop over all vertices, Floyd is obviously O(jV j3).
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